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Abstract
In this article, we extend Anderson’s higher-dimensional Dehn fill-
ing construction to a large class of infinite-volume hyperbolic manifolds.
This gives an infinite family of topologically distinct asymptotically
hyperbolic Einstein manifolds with the same conformal infinity. The
construction involves finding a sequence of approximate solutions to
the Einstein equations and then perturbing them to exact ones.
1 Introduction
In this article we will describe a construction to generate infinitely many non-
homotopic asymptotically hyperbolic Einstein metrics with a shared confor-
mal infinity. These are obtained by “capping off”, or filling in the cusps of
certain complete hyperbolic manifolds. The construction is based on Ander-
son’s Dehn filling result for finite-volume hyperbolic manifolds([And1]), and
we will refer readers to that paper where it is appropriate.
We will begin by providing background to this result and discussing its
significance. After a brief sketch of the proof, the rest of this paper is devoted
to the details.
Roughly speaking, asymptotically hyperbolic(AH) manifolds are com-
plete Riemannian manifolds with an ideal boundary at infinity. The canon-
ical example is the Poincare´ sphere with its sphere at infinity. For this to
work, the underlying differential manifold must be a smooth, compact man-
ifold with boundary.
Definition 1 Let M¯ be a compact manifold with nonempty boundary. A
smooth function ρ is said to be a defining function for ∂M iff
ρ : M¯ −→ [0,∞) (1)
satisfies ρ(p) = 0 iff p ∈ ∂M and dρ 6= 0 on ∂M .
Then we have:
Definition 2 A complete metric g on M = int(M¯ ) is said to be conformally
compact iff there exists a defining function ρ for ∂M such that g¯ = ρ2g
extends to a metric on M¯ .
As the name suggests, AH manifolds have curvature decaying to −1 at
infinity. This is almost equivalent to conformal compactness, but we need
assume a small amount of regularity on the boundary. In what follows, quan-
tities with a bar over them will be measured with respect to the compactified
metric g¯, and ones without bars will be measured with respect to the metric
g on M = int(M¯ ).
Definition 3 Consider a conformally compact metric g on M . If there
exists a defining function ρ such that |∇¯ρ| ≡ 1 on ∂M , then we say that
(M,g) is asymptotically hyperbolic.
The reason for this terminology is that in this case the sectional curva-
tures of (M,g) tend uniformly to -1(c.f. [And3].)
Asymptotically hyperbolic manifolds are a natural class of non-compact
manifolds to work with because they have a nice structure at infinity; their
curvature is tending toward a constant, and via the compactification g¯ they
have a “boundary metric” at infinity. Since this metric is determined by
the choice of the function ρ, it only makes sense to speak of a boundary
conformal class. This conformal class is known as the conformal infinity of
the complete manifold (M,g).
Given an AH manifold, it is natural to want to put a canonical AH metric
on it. In two or three dimensions, the natural choice is a hyperbolic metric.
In higher dimensions, however, hyperbolic metrics generalize in two ways: to
hyperbolic metrics and to negatively curved Einstein metrics(constant neg-
ative Ricci curvature.) If n > 3, the curvature tensor has more components
than the metric, so prescribing sectional curvature becomes more difficult.
On the other hand, the Ricci tensor has the same rank as the metric, so Ein-
stein metrics are natural candidates to be canonical from an algebraic/PDE
point of view. Accordingly, we define:
Definition 4 An asymptotically hyperbolic manifold with constant Ricci cur-
vature is called an asymptotically hyperbolic Einstein(AHE) manifold.
AHE manifolds are sometimes referred to as Poincare´-Einstein manifolds.
There has been a great deal of interest in AHE metrics recently due to
applications to physics(c.f. [Wit], [And5], [Bek].) Physicists are particularly
interested in the correspondence between AHE metrics and their conformal
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infinities. From a more analytic/geometric perspective, this correspondence
can be thought of as a geometric Dirichlet problem(although a priori the
topology of the filling manifold could be undetermined.)
Anderson has worked extensively on this correspondence in dimension
4(c.f. the surveys [And5], [And7] and for more details [And2], [And3]). In
this case, there is generally not a bijective correspondence between AHE
metrics and their conformal infinities, but under certain geometric condi-
tions on the boundary, there are only finitely many AHE manifolds bounded
by a given conformal class. This is not always the case, however; in [And2],
Anderson constructs infinitely many AHE metrics bounded by the same
conformal class. He then shows in [And2] that in dimension 4, any such
collection has a limit point which is an AHE manifold with cusps(i.e. an
Einstein metric whose ends are either conformally compact or of finite vol-
ume.) Furthermore, this limit point has the same conformal infinity as all
the elements in the set.
Under some fairly natural conditions on these limit manifolds, it is pos-
sible to show(still in 4 dimensions) that these limit manifolds are actually
hyperbolic(see [And2].) This suggests a natural question: given a hyperbolic
manifold whose ends are either conformally compact or cusps, is there a se-
quence of AHE metrics with the same same conformal infinity converging
toward it? This is indeed the case in three dimensions(where AHE metrics
are hyperbolic,) although the methods used in this case come from hyper-
bolic geometry, and cannot be applied to Einstein manifolds. Anderson has
recently developed a cusp closing technique for finite-volume hyperbolic man-
ifolds, generalizing Thurston’s Dehn filling result to higher dimensions(c.f.
[And1].) His construction leads to infinite families of topologically distinct
compact Einstein manifolds.
Our main result applies Anderson’s cusp closing construction to generate
a host of AHE metrics with the same conformal infinity:
Theorem 5 Let (Nn, g), (n > 2), be a complete geometrically finite hy-
perbolic manifold, all of whose cusps have toric cross sections. Then it
is possible to close the cusps to obtain infinitely many metrically distinct
AHE manifolds, all of which have the same conformal infinity as the origi-
nal one. If the hyperbolic manifold Nn is nonelementary, then this procedure
gives infinitely many homotopy types. If n > 3 these AHE metrics are non-
hyperbolic.
It is possible to obtain a large class of manifolds satisfying the hypotheses
of this theorem by taking Maskit combinations of complete hyperbolic cusps
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along hyperplanes. (c.f. [Kvt] for this, and also for some background on
nonelementary and geometrically finite hyperbolic manifolds.) In dimension
3, our construction is simply a PDE proof of Thurston’s Dehn-filling theorem,
and so the manifolds we obtain are already well-known(c.f. [BO].) In higher
dimensions, however, it gives new examples of complete negatively curved
Einstein manifolds.
From the point of view of the Dirichlet problem for AHE manifolds, we
may restate our main result as follows:
Proposition 6 Let the conformal class [γ] be the conformal infinity of a
nonelementary geometrically finite hyperbolic manifold, whose ends are all
either expanding or are toric cusps, and which has at least one cusp. Then
there are infinitely many topologically distinct AHE manifolds whose confor-
mal infinity is [γ].
It is interesting to note that all of the filling manifolds which we construct
for [γ] have the same Euler characteristic. If a conformal class [γ] on a
three-manifold includes a metric of positive scalar curvature, then the only
way that it can bound infinitely many AHE 4-manifolds is if their Euler
characteristics are unbounded. (c.f. [And3])
The proof of the main result follows Anderson’s proof in [And1]: we
construct a sequence of approximate solutions to the Einstein equations(i.e.
metrics whose Ricci curvature is tending toward some constant) and then
perturb the metrics to an exact solution. This basic gluing procedure is quite
common in geometric analysis, c.f. for example [Tau], [Kap], [MPU], [MPa].
The choice of approximate solutions is the main stumbling block in this
procedure. Although in theory it is easy to prescribe Ricci curvature, since
the Ricci tensor is of the same rank as the metric, in practice it is extremely
difficult, because we must find explicit solutions to a coupled system of
nonlinear PDEs. The construction of the approximate solutions requires the
use of a very special (explicit) family of metrics, as we shall see below.
For the perturbation argument, we will be using a functional Φ, and
metrics which satisfy Φ(g) = 0 will be Einstein. Then we will have a sequence
of approximate solutions gn such that Φ(gn) −→ 0.
It turns out that sequences of approximate solutions degenerate, so we
cannot use a limiting argument to obtain our exact solution. On the other
hand, the linearization of Φ at each metric gn is invertible. Thus, we could
hope to use the inverse function theorem to invert Φ in a neighborhood
of Φ(gn). Since Φ(gn) −→ 0, we can hope that for n large enough, one
of these neighborhoods will contain 0, which will give us a metric g such
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that Φ−1(0) = g. Invertibility of Φ near Φ(gn) is not enough to insure
this however. We could have a situation in which the region on which Φ is
invertible shrinks as n −→ ∞, so 0 never lies in this region.
Thus, we need to get a control on the size of the balls on which we can
invert. If this is the case, then for n large enough we can perturb gn to a
metric satisfying Φ(g) = 0. We obtain this uniform control by bounding the
linearization of Φ.
There is no need to assume any sort of nondegeneracy hypotheses on the
original hyperbolic metric. (Roughly speaking, nondegeneracy means that a
metric is a regular point for the Einstein operator. This is important if we
want to apply an inverse function theorem, as we will.) We will actually see
that our approximate solutions are nondegenerate as a consequence of our
main estimate (65).
The main difference between our construction and Anderson’s is that our
approximate solutions are noncompact, due to the presence of the expanding
ends. This introduces some technical difficulties in our analysis, but by
construction we have very strong control over the expanding ends, since our
metrics have fixed conformal infinities.
As we mentioned above, in [And2], Anderson showed that AHE man-
ifolds with cusps which satisfy certain relatively natural conditions are in
fact hyperbolic. This leads to another interesting question: are there any
non-hyperbolic AHE manifolds with cusps? Our main result allows us to con-
struct non-hyperbolic examples by closing the cusps on a hyperbolic manifold
with several cusps, and then reopening one of them.
Theorem 7 Given a nonelementary hyperbolic manifold Nn , n > 3, with at
least one expanding end and at least two cusps with toric cross-sections, and
no ends of another type, it is possible to construct infinitely many nonhomo-
topic nonhyperbolic Einstein manifolds which have at least one finite-volume
end(i.e. a cusp) and whose infinite-volume ends are asymptotically hyper-
bolic. Furthermore, their expanding ends have the same conformal infinities
as Nn.
Let us now set some of our notation and conventions. From now on, all
manifolds will be assumed to be complete and AH, unless otherwise stated.
Pointwise norms and inner products will be denoted by |h| and (f, h) respec-
tively, while global ones will be denoted by ‖h‖ and 〈f, h〉. K, ric, z and
s will represent the sectional, Ricci, trace-free Ricci and scalar curvatures.
i(M) will denote the injectivity radius of M . n will be reserved for the di-
mension the manifold M , and will always be strictly greater than 2. The
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curvature operator is defined as
R(X,Y )Z = ∇Y∇XZ −∇X∇Y Z −∇[X,Y ]Z (2)
for any three X, Y , Z ∈ TM . Our Laplacians will have negative spectrum,
so ∆S1 = − d
2
dθ2
. This is the so-called “Geometer’s Laplacian.” We will often
drop subscripts to improve readability if this will not lead to any confusion.
This article will be organized as follows: in section 2 we construct our
approximate solutions and discuss some of their properties, in section 3 we
will define our function spaces and operator and then in section 4 we obtain
a uniform control over the operator DΦ on all the approximate solutions.
Finally, in section 5, wrap things up by perturbing our approximate solutions
to exact ones and discuss some points of interest, including the proof of
Theorem 7.
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2 Construction of Approximate Solutions
In this section, we construct our approximate solutions, and discuss some of
their topological properties. We want to fill in the cusps of our hyperbolic
manifold, so we will be cutting them off and filling them in with solid tori.
Topologically, this construction is easy. Even metrically it is not too hard,
assuming that we do not require anything of the filled manifolds. But we
want our filled manifolds(our approximate solutions) to have Ricci curvature
close to a constant. This turns out to be much more difficult.
We will be filling each cusp separately, so we will only need to explain
the procedure on one of them. By assumption, all of our cusps look like
gC = ρ
−2dρ2 + ρ2gTn−1 ; ρ0 > ρ > 0 (3)
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Note that as ρ→ 0, the T n−1’s are collapsing. Without loss of generality,
we can assume that ρ0 ≥ 1 by rescaling the ρ parameter. This will give us a
metric of the same form, but with a rescaled T n−1. Let us cut off the cusp
at the torus ρ = 1 and discard the region 0 < ρ < 1. Then we are faced
with the task of attaching something to boundary torus T0 in such a way
that the metric on the glued manifold is smooth. Note that T0’s metric is
the flat metric gTn−1 .
For this construction to work, we will need to use a sequence of filling
manifolds which are hyperbolic near their boundary, and whose trace-free
Ricci curvature tends toward zero. We will use members of a family of AHE
metrics on D2 × T n−2. We can obtain our filling manifolds by truncat-
ing these at some fixed distance, and then perturbing the metric near the
boundary to make it hyperbolic. The perturbations will get smaller as we
go further out, since the manifold is AH. We will start by discussing these
filling manifolds.
Consider the following metric on D2 × T n−2;
gBH = (V (r))
−1dr2 + V (r)dθ2 + r2gTn−2 (4)
where gTn−2 is an arbitrary flat metric on the (n − 2)-torus and we use
coordinates (r, θ) for the disk, with r ≥ r+ > 0 and θ ∈ [0, β]. (Note that
this means that the locus r = r+ is the center of the disk, so there is a
coordinate singularity there.)
We will specify the values of the parameters r+ and β and the exact
form of V (r) below, but first let us calculate the curvatures of these metrics
in terms of the function V (r). We will start by setting up an orthonormal
basis for these metrics: let e1 =
√
V ∂r, e2 =
1√
V
∂θ, and ej =
1
r
∂φj , where
the ∂φj , 3 ≤ j ≤ n are an orthonormal basis for the T n−2. A straightforward
calculation shows that the ei diagonalize the curvature tensor, and that the
corresponding sectional curvatures are
K12 = −V
′′
2
(5)
K1j = K2j = −V
′
2r
j > 2 (6)
Kij = −V
r2
i, j > 2 (7)
(8)
Now, let
V (r) = r2 − 2mr3−n (9)
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Using the same basis as above, we have
K12 = −1 + (n− 3)(n − 2)m
rn−1
(10)
K1j = K2j = −1− (n− 3)m
rn−1
(11)
Kij = −1 + 2m
rn−1
(12)
where once again i, j are assumed to be greater than 2.
Another straightforward calculation shows that this metric is Einstein
with scalar curvature −n(n − 1) and asymptotically hyperbolic. (If n = 3,
it will be hyperbolic.) We have yet to specify the range of the r parameter,
but it is clear that the metric is well-defined for large enough r, so it makes
sense to speak of its local and asymptotic properties.
If m = 0, we get a hyperbolic cusp metric
gC = r
−2dr2 + r2gS1×Tn−2 (13)
This metric will be complete if we let r ∈ (0,∞).
On the other hand, if m > 0 and n > 3, we get a nontrivial Einstein
metric. These metrics are called T n−2 Anti-deSitter Black Hole metrics.
They will be complete provided we let r ≥ r+ = (2m)
1
n−1 and θ ∈ [0, βm],
where
βm =
4π
(n− 1)r+ (14)
(c.f. [And2].) Note that the locus {r = r+} is a flat totally geodesic T n−2.
By analogy with the core geodesics in hyperbolic Dehn surgery(c.f. [Thu],)
we call this a core torus.
Now recall that we introduced these manifolds because we want to glue
them into a cusp. They have the correct topological and local geometric
properties to work. The first choice we could make would be to cut off one
of the black hole metrics above at some large r, and then perturb it to make
it hyperbolic near the boundary. The problem is that we cannot fix the
global geometry near the boundary; although we can choose the metric on
the T n−2, the boundary metric will necessarily be the product of this flat
metric and a large S1, since the size of the S1 factor is determined by r.
To resolve this difficulty, we will exploit the large isometry group of these
metrics to take a quotient with the desired boundary. Below, we shall use
the term “black hole metric” to refer to any metric on D2×T n−2 which has
the same universal cover as gBH .
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Proposition 8 Suppose we have an S1 × Rn−2-invariant metric on D2 ×
R
n−2. Let T0 be some flat (n − 1)-torus, and let σ ⊂ T0 be a simple closed
geodesic such that
L(σ) = L(∂D2). (15)
Then ∃Γ0 ⊂ Isom(D2 × Rn−2) such that
(D2 × Rn−2)
Γ0
≃Mfill (16)
is a solid torus with ∂Mfill = T0.
Proof: We have
T0 = R
n−1/Γ, (17)
where Γ is some (n− 1)-dimensional group of translations of Rn−1. Since σ
is closed and simple, the translation induced by σ is a generator for Γ. We
can find elements γi ∈ Rn−1 such that the set {σ, γ1, ..., γn−2} forms a set
of generators for Γ. Let us denote the subgroup of π1(T0) generated by σ
by 〈σ〉. Then since π1(T0) is Abelian, 〈σ〉 is normal, which implies that the
covering map
p : Rn−1 −→ T0 (18)
splits as p = p1 ◦ p2, where
p2 : R
n−1 −→ Rn−1/〈σ〉 ∼= S1 × Rn−2 (19)
and
p1 : S
1 × Rn−2 −→ (S1 × Rn−2)/Γ0 ∼= T0 (20)
where Γ0 = Γ/〈σ〉
Now, say we have an S1×Rn−2-invariant metric on D2×Rn−2, and that
the length of ∂D2 is L(σ).
We will use the above remark to construct a quotient of this metric
with boundary T0. We can describe this quotient in terms of coordinates
(r, θ, φ3, ..., φn−2), where the φi’s are the standard coordinates on Rn−2. De-
fine an isometric action of Γ0 on D
2×Rn−2 by keeping r fixed and acting on
the S1 × Rn−2 coordinates. The boundary of this quotient will certainly be
T0, and it is clear that there are no fixed points on r = 0 since no element
maps σ to itself except the identity, so the quotient is indeed a manifold.
Note that the reason that this works is that we were able to split off the
〈σ〉 from the rest of Γ, and then fill it in with a disk. The basic point is
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that when we project the other generators onto the core Rn−2, they can-
not be zero, or else they would be parallel to σ. If one thinks about the
three-dimensional case, one can picture the universal cover as being a tubu-
lar neighborhood of a geodesic in hyperbolic space. Then σ would be the
boundary of a disk perpendicular to the core geodesic. One can obtain the
torus T 2 by taking the quotient of the cylinder by 〈γ〉, where γ is some com-
position of a translation and a rotation. The only way that this action will
not extend to the core geodesic is if γ has no translation component. But
this is impossible if the quotient of the boundary is to be a torus.
Now we will get an appropriate metric on this quotient. All we need is an
S1×Rn−2-invariant metric on D2×Rn−2. Since we want an Einstein metric,
we will take the universal cover of the T n−2-black hole metrics, slightly
altered near the boundary. It turns out that the value of m is irrelevant to
the local geometry of these(c.f. [And2],) so we will set m = 1.
Let
R =
L(σ)
β1
(21)
and define
g˜fill = V (r)
−1dr2 + V (r)dθ2 + r2gEucl; r ∈ [r+, R), θ ∈ [0, β1) (22)
where V (r) = r2 − 2χ(r)
rn−3
, χ(r) = 1 for r < R− 2, χ(r) = 0 for r > R− 1.
Now note that for r > R− 1,
g˜fill = r
−2dr2 + r2
(
dθ2 + gEucl
)
(23)
By taking the quotient, we will get the metric
gfill = r
−2dr2 + r2
gT0
R2
(24)
on r > R− 1.
By the change of coordinates
ρ =
r
R
(25)
we get a metric which is identically equal near its boundary to the hyperbolic
cusp metric which we are trying to fill in. In the event that we have k toric
cusps, we can cut off each one, and perform this procedure on a geodesic σi
in each boundary torus. We then obtain a manifold (Mσ, gσ), where σ is the
ordered k-tuple of geodesics (σi)1≤i≤k.
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We say that Mσ is a Dehn filling of N , again by analogy with the three-
dimensional case. The size of the Dehn filling is defined to be
|σ| = min
i
L(σi) = min
i
(Rσiβ1) (26)
This is well-defined, since we fix the boundary tori at the beginning.
In three dimensions, we no longer have these black hole metrics. In
fact, the only candidate for the glued-in metric is a quotient of hyperbolic
space. But there are many hyperbolic 3-manifolds bounded by 2-tori; we can
repeat the above Dehn filling on the tubular neighborhood of a geodesic in
hyperbolic 3-space. The analysis below then goes analogously to the higher
dimensional-case.
We end this section with a few remarks on the topology of the Mσ ’s.
We start with the Gromov-Thurston 2π-theorem. (For an elementary proof,
c.f.[BlH])
Proposition 9 (Gromov-Thurston, [GrT]) If |σ| > 2π, then Mσ admits a
nonpositively curved metric, such that the core tori are completely geodesic
and whose sectional curvature is strictly negative off the core tori.
Thus, we have:
Proposition 10 For |σ| > 2π, Mσ is a K(π, 1), and every noncyclic Abelian
subgroup of π1(Mσ) is carried by one of the core tori.
Proof: (Adapted from Theorem 6.3.9 of [Pet].) The first statement fol-
lows directly from the fact that Mσ admits a metric of nonpositive sectional
curvature. To prove the second one, consider the action of π1(Mσ) by isome-
tries on M˜σ, the universal cover of Mσ, where M˜σ is equipped with the lifted
metric. Let α ∈ π1(Mσ), and let p ∈ M˜σ satisfy
d(p, α(p)) = inf
x∈M˜σ
d(x, α(x)) (27)
Such a p exists because Mσ’s is injectivity radius is nonzero, and is large on
the expanding ends of Mσ. Thus any minimizing sequence for the function
d(x, α(x)) must project down to some compact subset of Mσ.
Since M˜σ is simply connected and of nonpositive curvature, there is a
unique geodesic γ joining p = γ(0) and α(p) = γ(t0). Furthermore, α must
fix γ. To show this, all we need to prove is that α2(p) lies on γ. If it does
not, then let x = γ( t02 ) be the midpoint of the segment pα(p) of γ. By
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assumption, the three points x, α(x) and α(p) cannot all lie on the same
geodesic, so we must have
d(x, α(x)) < d(x, α(p)) + d(α(p), α(x)) (28)
=
t0
2
+ d(p, x) (29)
= t0 (30)
= d(p, α(p)), (31)
which is impossible, since p minimizes d(x, α(x)).
If α, β ∈ π1(Mσ) commute, then α ◦ β(p) = β ◦ α(p), so β sends the
geodesic segment pα(p) to the geodesic segment β(p)β(α(p)). Furthermore,
we can see that α must map the unique geodesic joining p to β(p) to the
unique one joining α(p) and β(α(p)). This gives a geodesic quadrilateral
whose angles add up to 2π. By the Topogonov theorem, this quadrilateral
must lie in a flat submanifold, so we are done.
We will also need the following result:
Proposition 11 Let N admit a nonelementary geometrically finite hyper-
bolic metric. Then N admits only finitely many homotopy equivalence classes.
Proof: Let
F : N −→ N (32)
be a homotopy equivalence. Given a hyperbolic metric g on N , we can
deform F so that it fixes the conformal infinity of (N, g). Then by Sul-
livan rigidity(c.f. [Kvt]), F can be represented by an isometry. But by
[Rat2] generic nonelementary geometrically finite hyperbolic metrics have
only finitely many isometries.
We may now prove that our Dehn fillings give rise to infinitely many
homotopy classes.
Proposition 12 Let N admit a geometrically finite nonelementary hyper-
bolic metric, all of whose cusps are tori. Let Mσ be obtained from N by a
Dehn filling. Then there are only finitely many other Dehn fillings which
have the same homotopy type as Mσ.
Proof: We will simply adapt Anderson’s proof from [And1] to the infinite
volume case. The idea of the proof is to show that a homotopy equivalence
F :Mσ −→Mσ′ (33)
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leads either to a nontrivial homotopy equivalence of the hyperbolic manifold
N , or to a nontrivial isomorphism of the Dehn filling data. Since there are
only finitely many members in either of these classes, we can conclude that
there are only finitely many Mσ’s in any homotopy class.
By Seifert-Van Kampen, we have that
π1(Mσ) =
π1(N)
〈∪σi〉 (34)
By proposition 10, we know that for |σ| sufficiently large, the only (con-
jugacy classes) of noncyclic Abelian subgroups of π1(Mσ) are carried by the
core tori. Now, say that we have a homotopy equivalence
F :Mσ −→Mσ′ (35)
Then F∗ must permute the cyclic subgroups carried by the essential tori.
This in turn implies that F must map neighborhoods of these tori onto each
other. We can then use F to define a map G from the original hyperbolic
manifold N to itself such that G fixes the conformal infinity of N , inter-
changes the cusps of N and such that G∗ is an isomorphism of π1(N). Then
again by Sullivan rigidity, G is a homotopy equivalence, of which there are
only finitely many by the previous proposition. Now the homotopy equiv-
alence F must also preserve the Dehn filling data, so necessarily we must
have
F∗〈σi〉 = 〈σ′j〉 (36)
But given a cyclic group, there are only two elements which can generate it.
Thus, there are only finitely many Dehn-filled manifolds homotopy equiva-
lent to Mσ.
The proposition does not hold if we drop the hypothesis that (N, g) is
nonelementary; one can construct infinitely many nonisometric black hole
metrics on the solid torus D2 × T n−2 with the same conformal infinity
T n−1(c.f. [And2].) These can also be thought of as Dehn fillings of the
complete hyperbolic cusps
gC = r
−2dr2 + r2gTn−1 (37)
3 Analytic Preliminaries
Let us start by establishing the function spaces we will be using. To obtain
good analytic properties, such as elliptic estimates and precompactness of
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bounded sequences, we will work with Ho¨lder spaces. The precise definition
of these spaces requires some care, as we will want to be able to compare
spaces defined on a large class of manifolds.
Proposition 13 ([And4]) Let Q > 1, C, i0 > 0, k ∈ N, 0 < α < 1. Then
there exists ρ0 > 0 such that if ‖∇k−1ric‖L∞ ≤ C and i(M) ≥ i0, then for
any x ∈M , the ball B(x, ρ0) has harmonic coordinates in which we have
Q−1I ≤ g ≤ QI (38)
∑
1≤|β|≤k
ρ
|β|
0 sup
y∈B(x,ρ0)
|∂βgij(y)|+
∑
|β|=k
ρk+α0 sup
y1,y2∈B(x,ρ0)
|∂βgij(y1)− ∂βgij(y2)|
|y1 − y2|α
≤ Q− 1 (39)
Here, we will fix Q sufficiently close to 1 for the rest of this paper.
We shall call the above coordinates Ck,α-harmonic coordinates. Now, given
C > 0, i0 > 0, we can define (k, α)-Ho¨lder norms on the class of manifolds
with ‖∇k−1ric‖L∞ < C and i(M) > i0. Start by choosing a locally finite
collection of balls B(xi, ρ0) with (k, α)-harmonic coordinates which cover M
such that the balls B
(
xi,
ρ0
4
)
are disjoint. (This is possible because the Ricci
curvature is bounded.) Then define the (k, α)-Ho¨lder norm of h ∈ S2(M)
‖h‖k,α = supxi
{∑
1≤|β|≤k ρ
|β|
0 supy∈B(xi,ρ0) |∂βhij(y)| (40)
+
∑
|β|=k ρ
k+|α|
0 supy1,y2∈B(xi,ρ0)
|∂βhij(y1)−∂βhij(y2)|
|y1−y2|α
}
(41)
where the supremum is taken over all the balls B(xi, ρ0). We can then define
the Ck,α topology on the space of metrics near g0 by setting the norm of a
metric g near g0 to be
‖g − g0‖k,α. (42)
From here on out i0, C, k > 2 and α will all be fixed, and our reference
metrics will be our approximate solutions (Mσ , gσ).
Now, it is clear that on open bounded sets Ω ⊂M , we will have that the
inclusion of Ck,α(Ω) into Ck,α
′
(Ω) is compact for α
′
< α. Furthermore, by
our control of the metric in these coordinates we will have interior Schauder
estimates for elliptic operators on bounded sets Ω ⊂M . (c.f. [GiT].)
Our analysis will take place on manifolds approximating the hyperbolic
manifold whose cusps we will be closing. Thus we need to take into account
two types of noncompact behavior: moving down the cusps makes the in-
jectivity radius arbitrarily small and the diameter of the end tend toward
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infinity, and moving out into the expanding end makes the volume tend
toward infinity. We will deal with these issues separately. In all of these
cases, we will need infinitely many coordinate charts. Thus, to be able to
get uniform control over the entire manifold, we shall need to have coordi-
nate charts which are “uniformly similar” in some sense; i.e. they must be
defined on balls of approximately the same size and local geometry. We will
also need weight functions to deal with the infinite volume of the expanding
ends, and the unbounded diameter of the filled ends.
The problem that we will encounter from the injectivity radius tending
toward zero is that our coordinate charts will have to be made arbitrarily
small as we move down the cusp. On the other hand, since the geometry is
hyperbolic(or, as we shall see, very close to it,) we can lift to a large enough
cover, and then calculate the norm on this cover.
Thus, we take Anderson’s definition from [And1]:
Definition 14 We say that a manifold has uniformly bounded local covering
geometry if, given some fixed constant i0 > 0, any ball B(x, i0) has a finite
cover B¯(x¯, i0) with diameter less than 1 and i(x¯) ≥ i0.
Then, define the modified Ck,α(M) norm C˜k,α(M) to be the Ck,α(M)
norm, with the norm being evaluated in (k, α)-harmonic coordinates on a
large enough cover if the injectivity radius is less than i0.
Now, let us define the main space which we will be working with. Let
S2(M) be space of smooth symmetric bilinear forms on TM .
Definition 15 Define Sk,α to be the completion of S2(M) with respect to
the C˜k,α(M) norm.
Even though the space Sk,α is well-defined for our noncompact manifolds,
it is too large for our purposes, since it includes many forms over whose
asymptotic behavior we have very little control. Furthermore, we do not
want to change the conformal infinity of our approximate solution when we
perturb it to an exact solution, so we want our perturbation to vanish at
infinity. Both of these considerations lead us to the following definition:
Definition 16 Let ρ be a geodesic defining function, and let r(x) = log
(
2
ρ
)
.
For δ > 0, we define the δ-weighted Ho¨lder space Sk,αδ (M) to be{
u = e−δru0
∣∣∣u0 ∈ Sk,α(M)} (43)
If u ∈ Sk,αδ (M), define ‖u‖k,α,δ = ‖u0‖k,α = ‖eδru‖k,α.
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Note that although this norm depends on our choice of ρ, the space Sk,αδ
does not. ρ is a geodesic defining function iff |∇¯ρ| ≡ 1 in a neighborhood of
∂M . Such functions have the property that if r = log
(
2
ρ
)
, then
|∇r| = |∇¯ρ| ≡ 1 (44)
in some neighborhood of ∂M . Thus r is a distance function outside some
compact set. It always possible to construct such defining functions for AH
metrics(c.f. [GL].)
We then have the following analytic results
Theorem 17 ([Lee]) Let δ′ < δ and α′ < α. Then the inclusion Sk,αδ (M)→
Sk,α
′
δ′ (M) is compact.
We will be using Bochner-technique arguments, so we shall need to use
forms which are square-integrable. The following lemma describes under
which conditions this occurs.
Lemma 18 ([Lee]) Let (M,g) be asymptotically hyperbolic. If δ > n−12 then
Sk,αδ (M) ⊂ L2(S2(M)).
We have yet to deal with the fact that the diameter of the filling of each
end is tending to infinity. We will once again modify our function spaces,
but this time the reason for the modification will not be as clear as the two
previous ones were. The reason for this is that the change we are making is
specifically adapted to our particular problem. Because of this, we will wait
until we actually use it to explain the motivation. The basic idea is that the
diameter of each of the various filled-in ends is determined locally on the
end, and has nothing to do with those of the other ends. Thus, to obtain
uniform bounds, we must weigh our function spaces with a different factor
for each end.
To begin, consider any of our filled manifolds Mσ. For now, say we are
in the filling region of the first cusp, so the r coordinate lies in the interval
[r+, R
1], where R1 = L(σ
1)
β
. Let rc ∈ [r+, R1]. Define the function
ψc =
{
rc
R1
if r+ ≤ r ≤ rc
r
R1
if rc ≤ r ≤ R1 (45)
Assuming N has l cusps, we may define such a function on each filled
cusp. Let rc = (r
j
c)
l
l=1 be a l-tuple such that r
j
c ∈ [r+, Rj]. Then define φc
16
to be equal to the corresponding ψc on each filling region, and equal to 1
on the rest of the manifold, up to a smoothing at each gluing torus in such
a way that its C˜k,α norm is uniformly bounded. Note that no matter what
our choices are, φc is bounded above by 1, but it has no uniform positive
lower bound. Note also that φc is constant near each core tori.
Definition 19 Let k, α and δ be as above. Consider the space Sk,αδ (Mσ).
Let rc = (r
j
c)
l
j=1 satisfy r
j
c ∈ [r+, Rj ] where Rj = L(σ
j )
β
is the r-coordinate
of the jth gluing torus in the coordinate system of the filling manifold. We
define the modified Sk,αδ,rc norm of h ∈ S
k,α
δ (Mσ) to be
‖h‖k,α,δ,rc = ‖φ−1c h‖k,α,δ (46)
Note that the spaces Sk,αδ,rc and S
k,α
δ are identical for every fixed Mσ, and
that a uniform bound on the Sk,αδ,rc norm of a sequence implies one on the
Sk,αδ norm, regardless of what rc is. rc will be fixed below, in section 4.
In analogy to the Ck,α norm, we can define the Ck,αδ,rc norm on metrics
near our approximate solution gσ by setting the norm of g to be
‖g − gσ‖k,α,δ,rc (47)
Note that any metrics within a finite distance of each other with respect to
this norm must have the same conformal infinity.
We will now discuss the operator which we shall use. To eliminate trivial
kernel arising from rescalings and diffeomorphisms, we will use the following
operator instead of the trace-free Ricci curvature z.
Φgσ : S
k,α
δ,rc
(Mσ) −→ Sk,αδ,rc(Mσ) (48)
g 7−→ ricg + (n− 1)g + δ∗gBgσ(g) (49)
where gσ is the approximate solution and Bgσ is its associated Bianchi op-
erator
Bgσ : S
2(M) −→ Ω1(Mσ) (50)
Bgσ(h) = δgσh+
1
2
dtrgσh (51)
It is straightforward to check that this is indeed a well-defined map be-
tween these spaces. Now the linearization of Φ at gσ is
DgσΦ(h) =
1
2
∆Lh+ (n− 1)h, (52)
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(c.f. [Biq1],) where is the Lichnerowicz Laplacian ∆L is defined as
∆L : S
2(M) −→ S2(M) (53)
∆Lh = D
∗Dh+ ric ◦ h+ h ◦ ric− 2R(h), (54)
and R is the action of the curvature tensor on S2(M) :
Rh(X,Y ) = tr(((W,Z) 7→ h(R(X,W )Y,Z)) (55)
=
n∑
i=1
h(R(X, ei)Y, ei) (56)
where {ei} is an orthonormal basis with respect to the metric at which we
are linearizing. Composition of symmetric bilinear forms is defined by using
the metric to identify them with elements of Hom(TM,TM).
DgσΦ is clearly elliptic, and so Φ is elliptic near gσ . The relation between
Φgσ and Einstein metrics is described by the following lemma:
Lemma 20 ([Biq1]) Let (M,g) be AH, with ricg < 0. If Φgσ(g) = 0 and
limr→∞ |Bgσ(g)| = 0, then ricg = −(n − 1)g. In other words, g is Einstein
with scalar curvature −n(n− 1).
The reader may be concerned that we are only defining our operator Φ
and our function spaces near some base metric gσ. This is not an issue, since
we are using a perturbation argument, and thus will only be working in a
neighborhood of the metric we wish to perturb.
We are now ready to show why the Mσ of the previous section can be
called approximate solutions.
We can see explicitly that
‖Φgσ(gσ)‖k−2,α,δ,rc = ‖ricgσ + (n− 1)gσ‖k−2,α,δ,rc (57)
= C
∥∥∥∥χ′′ + χ′r + χr2
∥∥∥∥
k−2,α,δ
(58)
≤ C1 1|σ|n−1 (59)
Note that one must be careful in the last line, since we are bounding
Ho¨lder norms, in which derivatives are calculated with respect to harmonic
coordinates, and not with respect to the coordinate r. But r is related to
the geodesic coordinate s by
r = O(es) (60)
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for large s, so we can establish the bound with respect to s, and then translate
back into terms of R.
Thus, we have the following proposition:
Proposition 21 Let (N, g) be a geometrically finite hyperbolic manifold,
whose l cusps all have toric cross-sections. Then for any l-tuple σ of geodesics,
with the ith geodesic drawn from the ith cusp cross-section, it is possible to
construct a manifold (Mσ, gσ) such that
‖Φgσ(gσ)‖k−2,α,δ,rc = O(|σ|1−n) (61)
These (Mσ, gσ) are AH and have the same conformal infinity as (N, g).
We will also need elliptic estimates for these operators. In analogy to the
weighted Ho¨lder norms, define the (δ, rc)-weighted L
∞ norm to be ‖h‖L∞
δ,rc
=
‖eδrφ−1c h‖L∞ .
Proposition 22 Let Lg = DgΦgσ be the linearization of Φgσ at g, where
‖g − gσ‖k,α,δ,rc < ǫ0, and ǫ0 > 0 is chosen such that Lg is elliptic. Then
there is some constant Λ0, depending on k, α, ǫ0 and δ such that we have the
following estimate
‖h‖k,α,δ,rc ≤ Λ0(‖Lh‖k−2,α,δ,rc + ‖h‖L∞δ,rc ) (62)
The proof of this is essentially that of the analogous estimate without
the rc’s in [Lee]. The critical property of the weight functions e
−δr and φ−1c
that is required is that one can establish an estimate of the form
‖f‖C2 ≤ C‖f‖C0 (63)
with C independent of the manifold and the choice of the rc. Then, we
can apply the standard Schauder estimate to the weighted functions, and
the above estimate allows us to interchange the weight functions and the
operator L. The point to note here is that Λ0 does not depend in any way
on σ or rc.
We end this section by quoting a key result of Graham and Lee’s([GL])
on the behavior of the operator L = DgσΦgσ . We know that L is elliptic,
but since we are working on noncompact manifolds M , it does not follow
that L is Fredholm. Thus if we do not choose our function spaces carefully,
ker(L) or coker(L) could well be infinite-dimensional. Biquard’s results give
appropriate conditions to guarantee that L is Fredholm. (Also see [Biq1]).
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Theorem 23 ([GL]) Let (Mn, g0) be an asymptotically hyperbolic manifold.
If δ ∈ (0, n − 1), then
L : Sk,αδ (M
n) −→ Sk−2,αδ (Mn) (64)
is Fredholm. Furthermore, L is an isomorphism iff kerL2(L) = 0.
We will need to use both Lemma 18 and Theorem 23 below, so we will
restrict δ to the interval
(
n−1
2 , n− 1
)
.
4 Control of Inverse
In this section, we will perform the analysis which will allow us to invert
our operators Φgσ . To do this, we will need to invert the linear operators
Lσ = 2DgσΦgσ and get some kind of uniform control on the behavior of the
inverses. We cannot get an absolute uniform bound on their operator norms,
but we can make sure that they do not grow too fast with respect to the
length of the Dehn surgery σ. We prove via a contradiction argument that
we may choose rc such there exists a Λ independent of σ such that
‖h‖k,α,δ,rc ≤ Λ‖Lσ(h)‖k−2,α,δ,rc (65)
for all h ∈ Sk,αδ,rc, provided k ≥ 2 and that σ is large enough
The above estimate shows that ker(Lσ) = 0, so by theorem 23 we get
that
L−1σ : S
k−2,α
δ,rc
−→ Sk,αδ,rc (66)
is well-defined and
‖L−1σ f‖k,α,δ,rc ≤ Λ‖f‖k−2,α,δ,rc (67)
The proof of estimate (65) is essentially identical to Anderson’s proof
in the finite-volume case([And1]). The only additional difficulty that we
face here is that Sk,αδ,rc functions are not necessarily in L
2, but as mentioned
above, by choosing δ > n−12 we can avoid this problem. In this section, any
unlabeled norms will be assumed to be L2 norms and δ ∈
(
n−1
2 , n − 1
)
will
be assumed to be fixed.
Proposition 24 Let (Mσ, gσ) be a sequence of approximate solutions. Then
there exists some rc and a constant Λ independent of σ such that
‖h‖k,α,δ,rc ≤ Λ‖Lσ(h)‖k−2,α,δ,rc (68)
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Proof: We work by contradiction, so we will have to take limits. This
leads to some difficulty, since there is no uniform bound on the diameter of
the Mσ’s, and so the limits will not be uniquely defined. On the other hand,
all of the limits are Einstein, which gives them extra structure which we will
exploit.
Let us set up the contradiction. If there is no Λ such that
‖h‖k,α,δ,rc ≤ Λ‖Lσ(h)‖k−2,α,δ,rc , (69)
for all σ, then necessarily there is a sequence hi ∈ Sk,αδ,rc(Mσi , gσi) such that
‖hi‖k,α,δ,rc = 1 (70)
but
‖Li(hi)‖k−2,α,δ,rc −→ 0 (71)
where we have replaced the subscript σi by an i.
By the Schauder estimates, we know that there is a Λ0 independent of σ
and rc such that
‖h‖k,α,δ,rc ≤ Λ0(‖Lσ(h)‖k−2,α,δ,rc + ‖h‖L∞δ,rc ) (72)
for all h ∈ Sk,αδ,rc(Mσ). Thus, under our assumption,
‖hi‖L∞
δ,rc
≥ Λ−10 > 0 (73)
Therefore, showing that ‖hi‖L∞
δ,rc
→ 0 will give us a contradiction.
We will suppress the rc for the next while, since it will not play a role
until later.
The most natural way of looking at Mσ is to see it as being made up of
two distinct pieces: the original hyperbolic manifold N and the collection of
black hole metrics with which we are filling in the cusps of N . Our strategy
is to take the limit of the hi’s, which will lead to infinitesimal Einstein
deformations of each piece. We will get our contradiction by showing that
there can be no nontrivial deformations.
We will spend most of our time working on the filled regions of the
cusps, i.e. the ends which are close to the black hole metrics. We will use
the variables r to refer to the r-variable in our parametrization of the black
hole metrics, and R will refer to the gluing region, as seen from the black hole
metrics. Note that, by construction, R = L(σ)
β1
. Our analysis will take place
on each black hole region separately, so there will be no risk of confusion.
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For the region associated to the kth cusp, we have the relation:
Rki = β1L(σ
k
i ) ≥ β1|σi| (74)
To begin, note that we have the following Weitzenbo¨ck formula(c.f. [Bes]):
δdh + dδh = D∗Dh−Rh+ h ◦ ric (75)
where d is the exterior derivative on vector-valued one-forms induced by the
connection, and δ is its formal adjoint.
From this, we get that
Lh = D∗Dh− 2Rh+ h ◦ ric+ ric ◦ h+ 2(n− 1)h (76)
= δdh + dδh −Rh+ ric ◦ h+ 2(n − 1)h (77)
We will work primarily with this form of L, since we can prove stronger
positivity properties with it.
Now, by construction, we have that on Mi,
ric+ (n− 1)g = τ(r) (78)
where τ is supported on the region of the black hole metric (Ri − 2, Ri − 1)
and satisfies
|τ | ≤ CR1−ni (79)
Thus,
Lh = δdh+ dδh −Rh+ (n− 1)h+ τ ◦ h (80)
Now, consider
〈Lh, h〉 = 〈δdh, h〉 + 〈dδh, h〉 − 〈Rh, h〉+ (n− 1)‖h‖2 + 〈τ ◦ h, h〉 (81)
Recall that we have Lh→ 0 and h bounded, and we want to show that
h → 0. This should be possible as long as all the terms on the right hand
side are positive or tend toward 0. Integration by parts will work on the first
two terms, so we need to get a handle on the term 〈Rh, h〉. We will do this
by controlling the pointwise norm (Rh, h). First, we will break it up into
three pieces. Let h = h0 +
(trh)g
n
(so h0 is the trace-free part of h.)
Lemma 25
(Rh, h) = (Rh0, h0) + µi(r) +O
(
(trh)2
)
(82)
Where µi(r) is supported in the black hole region and is O
(
R
−(n−1)
i
)
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Proof: To begin, note that
(Rh, h) =
(
R
(
h0 +
(trh)
n
g
)
, h0 +
(trh)g
n
)
(83)
= (Rh0, h0) +
trh
n
(Rg, h0) +
trh
n
(Rh0, g) (84)
+
(trh)2
n2
(ric, g) (85)
Now, we have that (ric, g) = s, which is uniformly bounded. Further-
more, if we take an orthonormal frame (ej) which diagonalizes the curvature
tensor,
Rh(ej , ek) =
∑
l
h(R(ej , el)ek, el) (86)
Thus,
(Rg, h0) = (g,Rh0) (87)
= tr(Rh0) (88)
=
∑
j,k
h0(R(ej , ek)ej , ek) (89)
=
∑
j,k
Kjkh0(ek, ek) (90)
= −(n− 1)tr(h0) + µi (91)
= µi (92)
Where µi(r) =
∑
j,k(δ
k
j +Kjk)h0(ek, ek) = O
(
R
−(n−1)
i
)
since h0 is uniformly
bounded.
The following lemma allows us to control (Rh0, h0).
Lemma 26 [Bes] Let
a = sup
{h0|trh0=0}
(Rh0, h0)
|h0|2 (93)
be the largest eigenvalue of R acting on S20 . Then
a < (n− 2)Kmax − ricmin (94)
For the next term, we can use the following result from [And1].
Lemma 27 As i→∞, we have ‖trhi‖L2 −→ 0
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Now, let Uρ = {x|r(x) < ρ} be a tubular neighborhood of the totally
geodesic core T n−1’s, and let Mρi = Mi − Uρ. We will fix ρ ≤ Ri = infkRki
below. Note that Uρ has q connected components, where q is the number of
cusps of N .
By Lemmas 25 and 26, on Mρi .
(R(h), h) = (R(h0), h0) + µi +O
(
(trh)2
)
(95)
≤ ((n− 2)Kmax − ricmin) |h|2 + µi + C1|trh|2 (96)
=
(
−(n− 2) + (n− 1) +O(R1−ni )
)
|h|2 (97)
+µi + C1|trh|2 (98)
≤
(
1 + C2R
1−n
i
)
|h|2 + µi + C1|trh|2 (99)
Now consider∫
Mρ
(Lh, h)dV =
∫
Mρ
(δdh, h) + (dδh, h) − (Rh, h) (100)
+(n− 1)|h|2 + (τ ◦ h, h) dV (101)
=
∫
Mρ
|δh|2 + |dh|2 − (Rh, h) + (n− 1)|h|2 (102)
+(τ ◦ h, h) dV +
∫
∂Uρ
Q(h, ∂h)dA (103)
Here, Q(h, ∂h) is the boundary term from the integration by parts. It is
a fixed quadratic polynomial in h and its derivatives. Choose some ǫ > 0. By
our estimates on (Rh, h), and assuming that i is large enough that |τi| < ǫ
and
1 + C2R
1−n
i ≤
5n
12
(104)
we get that this last quantity is
≥
∫
Mρ
−
(
5n
12
+ ǫ
)
|h|2 + (n − 1)|h|2 dV − C1
∫
Mρ
(trh)2 dV (105)
−
∫
Mρ
µi dV +
∫
∂Uρ
Q(h, ∂h) dA (106)
Now, µi is O(R
1−n
i ) and supported on a region of bounded volume(the
black hole region) and by the previous lemma ‖trhi‖L2 −→ 0, so we may
choose i large enough that the previous quantity is
≥
∫
Mρ
−
(
5n
12
+ ǫ
)
|h|2 + (n− 1)|h|2 dV − 2ǫ (107)
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+∫
∂Uρ
Q(h, ∂h)dA (108)
=
(
7n
12
− 1− ǫ
)∫
Mρ
|h|2 dV +
∫
∂Uρ
Q(h, ∂h)dA − 2ǫ (109)
We also have that∫
Mρ
(Lh, h)dV ≤ 1
2
(∫
Mρ
|Lh|2dV +
∫
Mρ
|h|2dV
)
(110)
and ∣∣∣∣∣
∫
∂Uρ
Q(h, ∂h)dA
∣∣∣∣∣ ≤ CV ol(∂Uρ) (111)
since we have Ck,α control over the hi’s.
Combining all this information gives
1
2
∫
Mρ
|Lh|2 dV + CV ol(∂Uρ) ≥
(
7n
12
− ǫ− 3
2
)∫
Mρ
|h|2 dV − 2ǫ (112)
where we can make ǫ > 0 arbitrarily small by making i large.
By assumption, ‖Lh‖L∞
δ
−→ 0, so we have that ∫Mρ |Lh|2dV −→ 0.
Remark that inj(∂Uρ) = O
(
ρ
Ri
)
. Thus, if we choose a sequence ρi such
that ρi
Ri
−→ 0, we’ll obtain that ∫Mρi |h|2dV tends to 0. Since Sk,αδ ⊂ L2,
this gives us uniform convergence of the hi’s on any set whose injectivity
radius remains bounded below. Thus, by a diagonal argument, we can find
some sequence ri such that hi converges uniformly to 0 onM
ri and ri
Ri
−→ 0.
Note that we are finding a different ri for each cusp.
We will use these ri as the parameter for the cusp we are on in the weight
function φc. In other words, the ri obtained for the jth cusp of the manifold
Mi will be the r
j
c which determine the weight function on that cusp.
Now, let us examine what is happening on each component of Uri , the
complement of the set M ri . By construction, the core tori are collapsing to
points, so any neighborhood of these tori is degenerating to a line segment.
Since we want to have a nice limit, we lift everything to finite covers in order
to “unwrap the collapse.”(c.f. [And2].) Choose a sequence of points pi in a
core torus. Since inj(T (r)) = O
(
r
Ri
)
, by lifting (Uri , gi, pi) to an
[
Ri
ri
]
-fold
cover, where [ ] is the greatest integer part function, we will get a sequence
of manifolds whose injectivity radius is bounded away from 0.
By definition of the Sk,αδ,rc norm, the C
k,α-norm of these manifolds is
bounded, so we get a limit manifold (MBH , gBH). Clearly the hi’s lift to
the finite covers too, so we get lifted forms h˜i. These h˜i satisfy
‖h˜i‖k,α,δ ≤ C (113)
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on the lifted manifolds (U˜ri , g˜i). Thus, given α′ < α, and δ′ < δ, we can
extract a subsequence to get a limit h˜ ∈ Sk,α′δ′ . Note that h˜ must be T n−1
invariant and satisfy Lh˜ = 0.
If |ri − r+| is uniformly bounded, the torus T (ri) stays within a fixed
distance of the core torus for all i. Thus, the core torus can always see
the region on which hi is tending uniformly to 0. We can therefore take a
pointed limit based at pi ∈ T (ri), and conclude that h = 0 if r > ri. By
analyticity of infinitesimal Einstein deformations, this leads us to conclude
that h is identically 0, giving us our contradiction. Thus, we shall assume
that ri −→ ∞. This gives us that the limiting manifolds (MBH , gBH) are
complete. We are going to work at an infinite distance from the conformal
infinity of Mσ, so we can drop the weight factor δ. It will also be understood
that we are working on the lifted manifolds, so we will suppress the tildes.
At this point, we would like to say that since hi(ri) −→ 0 and ri −→∞,
this forces our limiting sequence to have
lim
r→∞ ‖h‖ = 0 (114)
We could then apply the following results to get our contradiction:
Proposition 28 h is tangent to the space of T n−1-invariant AHE metrics
on M
Proof: This is nontrivial, since spaces of AHE metrics are infinite-dimensional,
and so vector fields do not necessarily integrate. By [And3], however, we
know that if the AHE manifold (M,g) has a C2 conformal compactification,
then infinitesimal deformations do indeed integrate. The function ρ = r−1 is
certainly 0 exactly at the conformal infinity of (MBH , gBH), and with respect
to the compactified metric,
|dρ|2g¯ =
∣∣∣∣drr2
∣∣∣∣2
g¯
=
V (r)
r2
(115)
is nonzero on the boundary, so ρ is a defining function. Near the boundary,
the compactified metric is
g¯ =
dr2
r2V (r)
+
V (r)
r2
dθ2 + gTn−2 (116)
One may replace r by the coordinate s, where
ds
dr
=
1
r
√
V (r)
(117)
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To get
g¯ = ds2 + F (s)dθ2 + gTn−2 (118)
and a short calculation shows that F is C2 up to the boundary.
Proposition 29 ([BB] c.f. also [Cra]) Let g be a complete T n−1-invariant
AHE metric on the solid torus D2 × T n−2. Then g is a black hole metric.
Proposition 30 Let gt be a curve of complete T
n−1-invariant AHE metric
on the solid torus D2 × T n−2. Then gt is completely determined by g0 and
the curve γt consisting of the conformal infinities of the gt’s.
Proof: By the previous proposition, all the gt’s are covered by (D
2 ×
R
n−2, g˜BH). Thus,
gt =
g˜BH
Γt
(119)
where Γt ⊂ Isom(gBH) is isomorphic to Zn−2. Consider the “defining func-
tion” ρ = r−1 for g˜BH(note that (D2 × Rn−2, ρ2g˜BH) is not a compact
manifold with boundary.)
Then the conformal infinity of (D2 × Rn−2, ρ2g˜BH) is a flat S1 × Rn−2.
The action of Γt commutes with multiplication by ρ, so the conformal infinity
of gt is the quotient of the flat S
1 × Rn−2 by Γt. Conversely, the conformal
infinity γt of gt also determines the group Gt = Γt + vt up to conjugacy,
where
γt =
R
n−1
Gt
(120)
Given an initial g0, we can identify v0 with the S
1 in the universal cover.
This determines vt for t > 0, and thus Γt determines gt.
Combining these propositions gives us the following corollary:
Corollary 31 A T n−1-invariant AHE metric on a solid torus has no non-
trivial infinitesimal deformations for which
lim
r→∞ |h(r)| = 0 (121)
Unfortunately(for us,) we cannot apply these propositions directly; the
problem comes from the fact that the hi’s tend to h uniformly on compact
subsets, and we cannot relate the rate of convergence to the size of the
compact set. Thus, we cannot know that ri is included in each set. Consider
the following example: Let Ik = [−k, k], and
fk : Ik −→ [−1, 1]
x 7→ x
k
27
Clearly, ‖f ′k(x)‖L∞ −→ 0 as k −→ ∞, so one would expect that the
fk’s are tending toward a constant function. This constant may, however,
depend on the basepoint xk; let xk = αk, where −1 < α < 1. Then the
(pointed) Gromov-Hausdorff limit of the triple (Ik, xk, fk(x)) will be the
triple (R, 0, α). Thus the limit of the fk is indeed a constant function, but
the constant depends on the choice of the basepoints xk.
The issue here is that the manifolds Ik are converging to their limit
faster than the fk are converging to theirs, so the convergence cannot be
made uniform on the whole set.
More precisely, we have that
|fk(x)− fk(y)| ≤
∣∣∣∣∫ y
x
f ′k(s) ds
∣∣∣∣ (122)
≤ ‖f ′k‖L∞
∣∣∣∣∫ y
x
ds
∣∣∣∣ (123)
≤ ‖f ′k‖L∞ |x− y| (124)
Therefore, if we choose points xk, yk whose distance is increasing fast
enough, we cannot conclude that fk(xk) and fk(yk) have the same limit
On the other hand, if we require that ‖f ′k‖L∞ −→ 0 more rapidly than
any two points can separate, say by demanding that diam(Ik)‖f ′k‖L∞ −→ 0,
then we can get that
|fk(x)− fk(y)| ≤ ‖f ′k‖L∞ |x− y| (125)
≤ diam(Ik)‖f ′k‖L∞ −→ 0 (126)
no matter which basepoints we take.
Let us now attempt to adapt this argument to the operator L. We will
start by analyzing the limiting case to motivate our choice of the weight φc,
and then we will get our hands dirty with the actual estimates that we need
to finish our proof. As we will see below, on T n−1-invariant deformations
h, the components of Lh = 0 are asymptotic to Euler equations. For the
components (Lh)1j , this equation has a nontrivial 0th order term, so all of its
solutions either blow up or decay to 0. Its other components are asymptotic
to equations of the form
Lf = r2f ′′ + nrf ′ = 0 (127)
which have constant solutions. This leads to a problem for us, since we could
have the same situation as above; even though f(ri) → 0 and f tends to a
constant, we cannot conclude that f −→ 0 everywhere. This is where the
weight φc in our norms comes in.
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By use of an integrating factor([BdP]), we may rewrite this as
f(r) =
∫
1
rn
∫
sn−2Lf(s) ds dr (128)
Thus,
|f(r1)− f(r2)| =
∣∣∣∣∣
∫ r2
r1
1
rn
∫ r
r+
sn−2Lf(s) ds dr
∣∣∣∣∣ (129)
≤ ‖Lf‖L∞
n− 1
∣∣∣∣∫ r2
r1
r−1 +O
(
r1−n
)
dr
∣∣∣∣ (130)
≤ ‖Lf‖L∞
n− 1
∣∣∣∣log(r2r1
)
+C0
∣∣∣∣ (131)
≤ C1Ri
ri
‖Lf‖L∞ (132)
≤ C1‖φ−1c Lf‖L∞ −→ 0 (133)
As we remarked above, our situation is a bit more delicate, since we
are not working exactly with this operator, but with perturbations of it.
Furthermore, since we need to use the rate at which the hi’s converge, we
cannot just work with limits, but must rather get precise bounds on how
things behave asymptotically.
We now want to analyze the system of ODE’s that these deformations
must satisfy. The proof of the following proposition consists of a long calcu-
lation which is quite complicated, but fairly straightforward. The interested
reader may consult [Cra] to see the gory details, and the masochistic reader
may attempt it for her- or himself.
Proposition 32 Say we have a black hole metric g. Let e1 =
√
V ∂r, e2 =
1√
V
∂φj , and ej =
1
r
∂φj , where the ∂φj ’s, 3 ≤ j ≤ n form an orthonormal
basis for the core torus. Then if h is S1 × T n−2-invariant, Lh = 2DgΦgh is
given by
(Lh)11 = Ah11 + h11
(
(V ′)2
2V
+
2(n− 2)V
r2
)
(134)
−h22
(
(V ′)2
2V
+ 2K12
)
(135)
−2
∑
k>2
((
V
r2
)
+K1k
)
hkk (136)
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(Lh)22 = Ah22 + h22
(V ′)2
2V
− h11
(
(V ′)2
2V
+ 2K12
)
(137)
−2
∑
k>2
K2khkk (138)
(Lh)12 = Ah12 + h12
(
(V ′)2
V
+
2(n− 2)V
r2
+ 2K12
)
(139)
where
Ahij =
(
−V h′′ij −
(
V ′ +
n− 2
r
V
)
h′ij
)
(140)
If j > 2, we have
(Lh)jj = Ahjj +
2V
r2
(hjj − h11)− 2
∑
k 6=j
Kkjhkk (141)
(Lh)1j = Ah1j + h1j
(
(V ′)2
4V
+
(n+ 1)V
r2
+ 2K1j
)
(142)
(Lh)2j = Ah2j + h2j
(
(V ′)2
4V
+
V
r2
+ 2K2j
)
(143)
and finally, if i, j > 2, we get
(Lh)ij = Ahij + hij
(
(V ′)2
2V
+ 2Kij
)
(144)
This system seems unmanageable for the black hole metrics, but we can
get around this by noting the following two facts:
Proposition 33 Let gC be a complete hyperbolic cusp metric
gC = r
−2dr2 + gTn−1 (145)
where gTn−1 is an arbitrary flat metric on the torus with orthonormal basis
∂φj , 2 ≤ j ≤ n. Let
(
e1 = r∂r, ej =
∂φj
r
; j ≥ 2
)
form an orthonormal frame
for gC . Then if h is T
n−1-invariant, LCh = LgCh is given by the following
formulae.
(Lh)11 = Ah11 + 2(n − 1)h11 (146)
and if j, k > 2,
(Lh)jj = Ahjj + 2trh− 2h11 (147)
(Lh)1j = Ah1j + nh1j (148)
(Lh)jk = Ahjk (149)
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where A = −r2∂2r − nr∂r.
Proof: Set V (r) = r2 and Kjk = −1 + δkj above.
Now that we have the much simpler form of L for gC , we must relate
it to the corresponding operator on the black hole metrics. We will use Ck
estimates instead of Ho¨lder ones, since they are easy to establish, and we
do not need the stronger norms; we already have the existence of the limit
form h. The Ck norms will be calculated in the same harmonic coordinates
as the Sk,αδ ones. An easy calculation gives:
Proposition 34 If ‖h‖C2 is bounded and T n−1-invariant, then
‖LCh− LBHh‖L∞ = O(r−(n−1)) (150)
Thus, if h is T n−1-invariant and bounded in C2, we get the following
systems of equations for Lh = 0:
Ah11 + 2(n− 1)h11 = u11 (151)
Ahjj + 2trh− 2h11 = ujj (152)
Ah1j + nh1j = u1j (153)
Ahij = uij (154)
where i, j > 1 all the components of h are bounded, and |u| = O(r−(n−1))
Recall that we want to prove that
lim
r→∞ |h(r)| = 0 (155)
This is straightforward in the case of the components h11, h1j and hjj .
All of these satisfy nonhomogeneous Euler equations with nonzero indicial
roots. One can write out the solutions to the nonhomogeneous equations
in terms of the fundamental solutions using variations of parameters(c.f.
[BdP],) and see that bounded solutions must tend to 0 as r→∞.
Thus, all that is left is to examine the equations for hij , i, j > 1. Although
the equation that they satisfy seems to be the simplest of the ones that we
have looked at, the hij ’s are in fact the most subtle case. As we mentioned
above, the issue is that the equation Ahij = 0 is an Euler equation with no
0th order term. Therefore, there are constant solutions, which neither blow
up nor go to zero as r →∞.
Since we want to invoke the rate at which Lhi tends toward 0, we will
now be working with the hi’s rather than h. Thus, we will need to quantify
the rate at which the hi’s are converging to their T
n−1-invariant limit.
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Let
hˆi(r) =
1
A(T (r))
∫
T (r)
hi(r, x)dA (156)
be the average of h over the torus T (r). Then we have
Proposition 35 ‖hi − hˆi(r)‖C2 = O
(
r
Ri
)
Proof: We have
sup
x∈T (r)
|hi(r, x) − hˆi(r)| ≤ 1
A(T (r))
∫
Tn−1(r)
|hi(r, x)− hˆi(r)| dA (157)
Now, we know that hi is the lift of a form defined on a torus of diameter
O
(
r
Ri
)
. Since ‖hi‖k,α ≤ C, we know that the integrand must be less than C
times the diameter of the base torus, so it is also O
(
r
Ri
)
. We have assumed
that k ≥ 3, so we can repeat this for the first and second derivatives of hi.
We know that on our unwrapped black hole metrics, we have
L(hˆ) = LC(hˆ) +O(r
−(n−1)) (158)
Finally, since ‖Lh‖L∞rc = ‖φ−1c Lh‖L∞ → 0,
L(h) = o (φc) (159)
Putting this all together gives us
LC(hˆi) = LBH(hˆi) +O
(
r−(n−1)
)
(160)
= LBH(hi) +O
(
r−(n−1)
)
+O
(
r
Ri
)
(161)
= o (φc) +O
(
r−(n−1)
)
+O
(
r
Ri
)
(162)
Now, dropping the i’s and the hats, we see that if a, b > 1
r2h′′ab + nrh
′
ab = eab (163)
where
eab = O
(
r
Ri
)
+O
(
r−(n−1)
)
+ o (φc) (164)
Recall that we know that limi→∞ hi(ri) = 0. We want to show that this
is true for any sequence ρi ≤ ri with ρi →∞.
32
Using an integrating factor, we get
|hab(ri)− hab(ρi)| ≤
∫ ri
ρi
1
rn
∫ r
r+
|eab(s)|sn−2 dsdr (165)
≤
∫ ri
ρi
1
rn
(
C1
∫ r
r+
sn−1
Ri
ds +C2
∫ r
r+
s−1 ds (166)
+ci
∫ r
r+
sn−2φc(s) ds
)
dr (167)
where ci → 0. Then this is
≤ C3 ri
Ri
+ C4r
−(n−1)
i + ci
ri
Ri
(168)
Thus, we can conclude that
lim
r→∞ |h(r)| = 0 (169)
So by Corollary 31 we finally have our contradiction, and therefore the
main estimate.
The reader may be somewhat uneasy at the following aspect of the above
proof: the fact that the distance between a sequence of pairs of points could
grow to infinity within a filling region caused us some difficulty at getting a
uniform control on h on the entire filling region. Should this problem not
become even more serious when comparing points in different filling regions?
The answer is no, since the weight functions are defined locally on each filling
region, and are fine-tuned to the size of each one.
Finally, to finish this chapter, we extend the invertibility of Lg = 2DgΦgσ
to a neighborhood of our approximate solution. Below, B(x, ǫ) will refer to
a ball in the Sk,αδ,rc-topology, for the same choices of k, α, δ and rc as above.
Proposition 36 There exist ǫ > 0,Λ > 0 such that for all σ large enough,
we can choose rc such that the operator Lg is invertible on the ball B(gσ, ǫ),
and for all f ∈ Φ(B(gσ, ǫ)), we have that
‖(Lg)−1f‖k,α,δ,rc ≤ Λ‖f‖k−2,α,δ,rc (170)
Proof: If not, there is a sequence of gi’s and σi’s with ‖gi− gσi‖k,α,δ,rc → 0,
and a sequence hi ∈ Sk,αδ,rc(Mi, gi) such that
‖hi‖k,α,δ,rc = 1 (171)
but
‖Lgihi‖k−2,α,δ,rc −→ 0 (172)
But then we can repeat the proof of the previous proposition to obtain a
contradiction.
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5 Conclusions
In this section, we conclude the construction of the AHE metrics on the
Mσ’s.
Proposition 37 If |σ| is large enough, then the manifold Mσ admits an
asymptotically hyperbolic Einstein manifold with the same conformal infinity
as N .
Proof: Let δ ∈
(
n−1
2 , n− 1
)
. There is some ǫ > 0 such that for all g in the
ball B(gσ, ǫ), the map
Φgσ : S
k,α
δ,rc
(g) −→ Sk−2,αδ,rc (g) (173)
has an invertible linearization and
‖(DΦ)−1f‖k,α,δ,rc ≤ Λ‖f‖k−2,α,δ,rc (174)
Thus, by the inverse function theorem([Dieu]), Φ is invertible on B(gσ, ǫ),
and maps B(gσ, ǫ) surjectively onto some U ⊂ Sk−2,αδ,rc containing Φgσ(gσ).
Thus, we need to show that 0 ∈ U . To do this, we will need a lower bound
on the diameter of U .
Let B(Φ(gσ), γ) ⊂ U . By our control on (DΦ)−1 we know that Φ−1 is
Lipschitz with Lipschitz constant Λ. Therefore,
Φ−1(B(Φ(gσ), γ)) ⊆ B(gσ ,Λγ) (175)
Thus if we choose γ = ǫΛ , we will obtain that B(Φ(gσ), γ) ⊆ Im(Φ). All
that is left to do to show the existence of a solution to Φ = 0 is to make sure
that 0 ∈ B(Φ(gσ), γ) for σ large enough. But ‖Φ(gσ)‖k−2,α,δ,rc = O(|σ|1−n),
so
‖Φ(gσ)− 0‖k−2,α,δ,rc ≤ C|σ|1−n ≤
ǫ
Λ
(176)
for |σ| large enough, since ǫ and Λ are fixed.
Let gE = Φ
−1(0). Since gσ has negative Ricci curvature, we may assume
that ǫ is small enough that gE does too. Since Bgσ(gσ) = 0, and limr→∞ ‖g−
gσ‖k,α,δ,rc = 0 we can conclude that limr→∞ |Bgσ(gE)| = 0. Invoking lemma
20 gives us that gE is an Einstein metric. Since gE is a perturbation of gσ
by an element of Sk,αδ,rc , it must have the same conformal infinity, so we are
done.
Note that by construction, all of these metrics are nondegenerate, i.e.
DΦ has no L2 kernel. Furthermore, all of these metrics are isolated points
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in the moduli space of AH Einstein metrics on Mσ with boundary metric
[γ], equipped with the Ck,αδ topology.
Abusing notation slightly, let us denote these AHE metrics by gσ. Then
we have that, for any sequence of points pσ which remain within a bounded
distance of a gluing torus
lim
|σ|→∞
(Mσ , gσ, pσ) = (N, g) (177)
in any of the Sk,αδ topologies, where (N, g) is our original hyperbolic manifold.
By only opening one cusp at a time, we will construct nonhyperbolic AHE
manifolds with cusps.
Proof of Theorem 7: Let σ = (σ1, ..., σl) have large enough norm
that the manifold Mσ admits an Einstein metric. Then define a sequence
σi = (υi, σ2, ..., σl), where υi is a sequence of geodesics such that L(υi)→∞.
Let pi be a sequence of points within a bounded distance of a given gluing
torus. Then
(M,g∞) = lim
i→∞
(Mi, gi, pi) (178)
is a nonhyperbolic AHE manifolds with cusps. The conformal infinity of
(M,g∞) is the same as that of (N, g). .
All of the conformal infinities involved in our constructions are neces-
sarily conformally flat, since they are the conformal infinity of a hyperbolic
manifold. All of the examples known to the author of conformal classes
bounding infinitely many AHE manifolds are conformally flat.
It is possible to extend this filling construction to some other types of
finite-volume cusp ends. In such a case, the cusp cross-section is necessarily a
compact flat manifold, and thus a finite quotient of a torus by Bieberbach’s
theorem. One can find sufficient conditions to construct an approximate
solution in terms of the geometry of the flat cross-section. In all dimensions
greater than 3 there exist flat cusp cross-sections to which this procedure
cannot be applied. For more on this, see ([And1]).
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